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1. INTRODUCTION
w y1 y1 xLet A be the ring Z u, u , ¤ , ¤ , where u and ¤ are algebraically
independent indeterminates, and let H be the generic Hecke algebra over
Ž .A of type F . H s H u, ¤ is defined to be the associative A-algebra with4
2 Ž .generators T , i s 1, 2, 3, 4, and defining relations T s u1 q u y 1 T fori i i
2 Ž . < <i s 1, 2, T s ¤1 q ¤ y 1 T for i s 3, 4, T T s T T if i y j ) 1,i i i j j i
T T T s T T T for i s 1, 3, and T T T T s T T T T .i iq1 i iq1 i iq1 2 3 2 3 3 2 3 2
With each homomorphism f : A “ F, where F is a field, there is an
associated algebra H known as the specialized algebra with respect to fF
Ž . Ž .obtained by specializing u and ¤ to f u and f ¤ , respectively, in the field
F. The specialized algebra with respect to the homomorphism f is the
F-algebra defined by a similar set of generators and relations which are
Ž .obtained from those above by replacing u and ¤ throughout by u s f u
Ž .and ¤ s f ¤ , respectively. It will be convenient to refer to this algebra
Ž .either as H u, ¤ or H . Where no confusion is likely to arise, we will useF F
Ž .the same symbols T i s 1, 2, 3, 4 to refer to the generators of thesei
Ž .algebras and refer to the specialization briefly by the pair u, ¤ .
It is the purpose of this paper to describe the irreducible H -representa-F
tions for all specializations, where the field F has characteristic different
from 2 and 3.
If K denotes the field of fractions of A, we will show that each
irreducible H -representation has a realization over A and describe howK
this module decomposes under such specializations.
We will then obtain the following theorem as a simple consequence of
these results.
THEOREM 1. Let L be any algebraically closed field of characteristic
/ 2, 3 and let L be the field of fractions of the image of A under the0
specialization f : A “ L. Then
Ž .a There is a well-defined decomposition map from the Grothendieck
group of H to the Grothendieck group of H .K L
Ž .b The irreducible H -modules and the irreducible H -modules can beK L
arranged so that the corresponding decomposition matrix has a lower uni-trian-
gular shape. In particular, its elementary di¤isors are all 1.
Ž .c The field L is a splitting field for H .0 L0
Ž . Ž w x.Proof of Part a . H is split semi-simple see 4 . Furthermore, allK
w xirreducible H -representations can be realized over Z u, ¤ . All but thoseK
of degrees 12 and 16 and one of the degree 6 representations are so
w x w xdescribed in 7 and 8 . We are indebted to Geck for explicit descriptions
of the generic irreducible representations of degrees 12 and 16 with
respect to the parameters u2 and ¤ 2. It was not difficult to derive from
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Ž .them generic irreducible representations of degrees 12 and 16 of H u, ¤K
w xrealized over Z u, ¤ . A similar, but easier, task dealt with the remaining
w xdegree 6 representation which, as described in 7 , was realized over
w y1 xZ u, u , ¤ .
The images of each element of H under two H-representations which
are H -equivalent have the same characteristic polynomial. Hence, by anK
w Ž .xadaptation of the argument of 3, Theorem 82.1 , their specializations to
H -representations have the same composition factors. Thus, the decom-L
Ž .position map is well defined and Part a is established. We complete Parts
Ž . Ž .b and c in Section 5.
Now, let F be an arbitrary field of characteristic / 2, 3 and let L be its
Ž .algebraic closure. The regular representation of H u, ¤ contains all itsF
irreducible representations among its composition factors. Since this regu-
lar representation arises by specializing the regular representation of
Ž . Ž .H u, ¤ , every irreducible representation of H u, ¤ occurs as a composi-K F
tion factor of the specialization of some generic irreducible representation.
Ž . Ž .By Theorem 1 a , a complete determination of the H u, ¤ -irreducibles isL
achieved by determining the composition factors of the specializations of
irreducible representations of H, one from each H -equivalence class. WeK
find these by finding the composition factors of the specializations of these
same generic irreducible representations over F and establishing that they
are absolutely irreducible.
Ž .A complete determination of the H u, ¤ -irreducible modules and theF
decomposition of the specialized generic irreducible modules has been
w x w xcarried out by Geck and Lux 5 for the case ¤ s u and by Bremke 1 for
2 4the cases ¤ s u and ¤ s u .
Ž w x. Ž .Geck has observed see 4, Lemma 1.2 that when H u, ¤ is semisim-F
Ž .ple, all generic irreducible representations of H u, ¤ remain irreducibleK
and pairwise inequivalent under the given specialization. The semisimplic-
Ž .ity of H u, ¤ is equivalent to the simultaneous nonvanishing of theF
elements c u , ¤ of F, where x ranges over the set of generic irre-Ž .x
Ž . Ž w x. Ž .ducibles of H u, ¤ see 6, Proposition 4.3 . c u, ¤ are polynomials inK x
w x Ž . Ž . Ž . Ž .Z u, ¤ defined by c u, ¤ s P u, ¤ rD u, ¤ where P u, ¤ is thex x
Ž . Ž .Poincare polynomial of H u, ¤ and D u, ¤ is the generic degree of theK x
Ž w x.representation x see 2, p. 450 . It is straightforward to check that each
Ž .of the polynomials c u, ¤ is a product of factors taken from the followingx
18 polynomials:
2, 3, u q 1, ¤ q 1, u q ¤ , u2 q u q 1, u2 y u q 1, ¤ 2 q ¤ q 1,
2 2 2 2 2 2 2 1Ž .¤ y ¤ q 1, u q ¤ , u q ¤ , u q ¤ , u¤ q 1, u ¤ q 1, u¤ q 1,
2 2 2 2 2 2u ¤ q 1, u ¤ y u¤ q 1, and u y u¤ q ¤ .
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Also, each of these polynomials occurs at least once as a factor of some
Ž . Ž .c u, ¤ . So, semisimplicity of H u, ¤ is equivalent to the simultaneousx F
nonvanishing of the specializations of these 18 polynomials. It remains to
consider the cases in which one or more of these polynomials vanish under
specialization.
For the present paper, we exclude consideration of fields of characteris-
tics 2 and 3. These cases will be studied in a later paper. The remaining
cases subdivide into two classes; the first contains the 16 cases in which
exactly one of the 16 non-constant polynomials specializes to zero and the
second contains the 45 cases in which more than one of these polynomials
specialize to zero.
2. EQUIVALENT SPECIALIZATIONS
To simplify our exposition, we note that certain pairs of specializations
give rise to isomorphic specialized algebras. Two such specializations will
be said to be equi¤alent.
Ž .For example, if T , T , T , and T is a generating system for H u, ¤1 2 3 4 F
Ž .then T , T , T , and T is a generating system for H ¤ , u . Clearly,4 3 2 1 F
Ž . Ž .H u, ¤ ( H ¤ , u as rings.F F
y1 y1 y1 y1Also, yuT , yuT , yuT , and yuT is a generating system for1 2 3 4
y1 y1Ž .H u, ¤ and yu T , yu T , T , and T is a generating system forF 1 2 3 4
y1 y1Ž . Ž . Ž .H u , ¤ . Clearly, H u, ¤ ( H u , ¤ as rings.F F F
Ž .From the preceding remarks, we see that the specializations u, ¤ ,
y1 y1 y1 y1 y1 y1 y1 y1Ž . Ž . Ž . Ž . Ž . Ž . Ž .u , ¤ , u, ¤ , u , ¤ , ¤ , u , ¤ , u , ¤ , u , and ¤ , u are
equivalent to one another. Since the algebras corresponding to equivalent
specializations are isomorphic, it will be sufficient to consider just one
specialization from each equivalence class.
The 16 cases referred to in Section 1, in which exactly one of the
Ž .non-constant polynomials in 1 specializes to zero, split into 7 equivalence
classes, from which we choose the following representatives:
Case 1: u s u , ¤ s y1. Case 2: u s u , ¤ s z .3
Case 3: u s u , ¤ s z . Case 4: u s u , ¤ s yu.6
2Case 5: u s u , ¤ s yu . Case 6: u s u , ¤ s z u.4
Case 7: u s u , ¤ s z u.6
Here, z denotes a primitive nth root of 1 in F. If F contains mnthn
roots of 1 where m and n are positive integers, we choose the notation so
that z m s z .m n n
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The results we obtain for these 7 cases will apply to any further
specialization of u which does not result in any more of the polynomials
Ž .in 1 vanishing.
Of the remaining 45 cases referred to in Section 1, 26 are equivalent to
those studied by Bremke, 5 are equivalent to those studied by Geck and
Lux, and the remainder split into 6 classes with the following representa-
tives:
3Case 8: u s z , ¤ s y1. Case 9: u s z , ¤ s z .6 8 8
3 5Case 10: u s z , ¤ s z . Case 11: u s z , ¤ s z .10 10 24 24
Case 12: u s z , ¤ s 1. Case 13: u s z , ¤ s y1.6 3
In view of the detailed work of Bremke and Geck and Lux, we make no
2 4further mention of the cases equivalent to those with ¤ s u, u , or u .
3. CLASSES OF REPRESENTATIONS
Ž .If r is a representation of H u, ¤ , we can obtain representations ofF
the algebras corresponding to equivalent specializations by combining the
following constructions:
y1 y1Ž . Ž . Ž . Ž . Ž .C1 r9 T s yur T , i s 1, 2; r9 T s y¤r T , i s 3, 4.i i i i
Ž . Ž . Ž .C2 r9 T s r T , i s 1, 2, 3, 4.i 5yi
y1Ž . Ž . Ž . Ž . Ž .C3 r9 T s yu r T , i s 1, 2; r9 T s r T , i s 3, 4.i i i i
Ž . Ž . Ž .In C1 , r9 is also a representation of H u, ¤ . In C2 , r9 is aF
y1Ž . Ž . Ž .representation of H ¤ , u . In C3 , r9 is a representation of H u , ¤ .F F
It is clear that any representation r9 arising in one of these ways has a
decomposition similar to that of r, in which the composition factors are
obtained from those of r by the same construction.
A representation r0 will be said to be an associate of r if it is
Ž .equivalent to the representation r9 arising from r by construction C1 .
This relation is symmetric.
It will be useful to have a compact notation to describe the composition
factors of a module. For example, M s X : Y : Z will denote the fact that
the module M has a series of submodules 0 : V : V : V s M with1 2 3
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V ( X, V rV ( Y, and V rV ( Z. If Y is a direct sum U q V, we will1 2 1 3 2
write M s X : U q V : Z.
Our listing of the irreducible modules of the generic Hecke algebra
Ž . Ž w x. ŽH u, ¤ follows the order used by Kondo see 2, p. 413 and in GAP seeK
w x.10 . We label the modules M , . . . , M . To avoid cumbersome notation,1 25
we will use these labels to describe the modules resulting from these under
any specializations considered. The order of listing differs from that used
w x w x w xby Geck in 4 and by the second author in 7 and 8 . The two orders of
listing are related by an interchange of the parameters u and ¤ .
For convenience, we provide the following table to help identify the
representations. The second row lists the degrees and the third and fourth
list the character values on T and T , respectively.1 4
M M M M M M M M M1 2 3 4 5 6 7 8 9
1 1 1 1 2 2 2 2 4
u u y1 y1 2u y2 u y 1 u y 1` 2u y 2
¤ y1 ¤ y1 ¤ y 1 ¤ y 1 2¤ y2 2¤ y 2
M M M M M M M M M10 11 12 13 14 15 16 17 18
9 9 9 9 6 6 12 4 4
6u y 3 6u y 3 3u y 6 3u y 6 3u y 3 3u y 3 6u y 6 3u y 1 3u y 1
6¤ y 3 3¤ y 6 6¤ y 3 3¤ y 6 3¤ y 3 3¤ y 3 6¤ y 6 3¤ y 1 ¤ y 3
M M M M M M M19 20 21 22 23 24 25
4 4 8 8 8 8 16
u y 3 u y 3 6u y 2 2u y 6 4u y 4 4u y 4 8u y 8
3¤ y 1 ¤ y 3 4¤ y 4 4¤ y 4 6¤ y 2 2¤ y 6 8¤ y 8
This table does not distinguish M from M . However, T T has the14 15 1 4
Ž . Ž . Ž . Ž .character values 2u y 1 ¤ y u y 2 and u y 2 ¤ y 2u y 1 in M14
and M , respectively.15
We note that the pairs of associated generic irreducible modules are:
M , M ; M , M ; M , M ; M , M ; M , M ; M , M ; M , M ; M ,1 4 2 3 5 6 7 8 10 13 11 12 17 20 18
M ; M , M ; and M , M . The remaining five modules are self-associ-19 21 22 23 24
ates.
Ž .In the case of a representation r of the generic Hecke algebra H u, ¤ ,K
Ž . Ž .we can modify constructions C2 and C3 to give representations of the
same generic Hecke algebra by interchanging the parameters u and ¤
Ž . y1 Ž .following C2 and by substituting u for u following C3 . Using combi-
nations of these constructions, the full set of generic irreducible represen-
tations may be derived easily from M , M , M , M , M , M , M , M ,1 5 9 12 14 16 17 22
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and M . We use the explicit descriptions of M , M , M , M , and M25 1 5 9 14 17
w xgiven in 7, pp. 295]497 and the explicit descriptions of M and M12 22
w xgiven in 8, pp. 48]49 . We give below the explicit descriptions of M and16
M referred to in the Introduction.25
M :16
0 1 0 0 0 0 0 0 0 0 0 0
u u y 1 0 0 0 0 0 0 0 0 0 0
0 0 u 0 0 0 0 0 0 0 0 0
0 0 0 u y 1 y1 0 0 0 0 0 0 0
0 0 0 yu 0 0 0 0 0 0 0 0
yu yu 1 u y1 y1 0 0 0 0 0 0
0 0 0 0 0 0 y1 1 0 0 y3u y3u
0 0 0 0 0 0 0 u y3u 0 0 y3u
0 0 0 0 0 0 0 0 0 0 0 yu
0 0 0 0 0 0 0 0 0 y1 y3u 0
0 0 0 0 0 0 0 0 0 0 u 0
0 0 0 0 0 0 0 0 y1 0 0 u y 1
u 0 0 0 0 0 0 0 0 0 0 0
y1 y1 1 0 0 0 0 0 0 0 0 0
0 0 u 0 0 0 0 0 0 0 0 0
y1 0 0 y1 0 0 0 0 0 0 0 0
yu 1 0 yu 0 1 0 0 0 0 0 0
21 u y1 yu u u y 1 0 0 0 0 0 0
0 0 0 0 0 0 u 0 0 0 0 0
20 0 0 0 0 0 u y1 3u 0 3u 3u
20 0 0 0 0 0 0 0 u 0 u y u 1 y u
0 0 0 0 0 0 1 0 0 y1 0 0
0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 u u y 1
¤ 0 0 0 0 0 0 0 0 0 0 0
0 ¤ 0 0 0 0 0 0 0 0 0 0
u q ¤ u q ¤ y1 0 0 0 0 0 0 0 0 0
0 0 0 ¤ 0 0 0 0 0 0 0 0
0 0 0 0 ¤ 0 0 0 0 0 0 0
u q ¤ y¤ y 1 0 u q ¤ u y 1 y1 0 0 0 0 0 0
¤ 0 0 0 0 0 y1 0 0 u q ¤ 0 0
¤ ¤ 0 3u¤ 0 0 0 y1 0 0 0 0
0 0 0 0 ¤ 0 0 0 y1 0 1 y u 0
0 0 0 0 0 0 0 0 0 ¤ 0 0
0 0 0 0 0 0 0 0 0 0 ¤ 0
0 0 0 ¤ 0 0 0 0 0 0 u y 1 1
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y1 0 0 0 0 0 1 0 0 0 0 0
0 y1 0 0 0 0 y1 1 0 0 y3u y3u
20 0 y1 0 0 0 0 0 3u 0 y3u y3u
0 0 0 y1 0 0 0 0 0 y1 yu 1
0 0 0 0 y1 0 0 0 1 yu y2u 0
0 0 0 0 0 y1 1 y1 u 0 2u u q 1
0 0 0 0 0 0 ¤ 0 0 0 0 0
0 0 0 0 0 0 0 ¤ 0 0 0 0
0 0 0 0 0 0 0 0 ¤ 0 0 0
0 0 0 0 0 0 0 0 0 ¤ 0 0
0 0 0 0 0 0 0 0 0 0 ¤ 0
0 0 0 0 0 0 0 0 0 0 0 ¤
M :25
y1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
u u 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 y1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 y1 u 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 u 0 0 yu 0 0 0 0 0 0 0 0
0 0 0 0 0 0 u 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 x 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 y1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 y1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 yu u 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 yu 0 0 0 0
0 0 0 0 0 0 0 0 0 0 y1 x 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 y1
0 0 0 0 0 0 0 0 0 0 0 0 0 y1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 uy 1 u y
0 0 0 0 0 0 0 0 0 0 0 0 yu 0 0 x
u 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 y1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 u yu 0 u yu yu 0 0 0 0 0 0 0 0
0 0 0 y1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 y1 u 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 y1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 yu 0 0 0 0 0 0 0 0
0 0 0 0 0 0 y1 x 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 u y1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 y1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 u 1 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 y1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 y1 u 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 y1 0 0
20 0 0 0 0 0 0 0 0 0 0 yu 0 0 u 0
0 0 0 0 0 0 0 0 0 0 0 u yu 0 y1 y1
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y1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 y1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 ¤ 0 0 0 0 yuz 0 0 1 1 0 0 0 0
0 0 0 ¤ yz 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 y1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 ¤ 0 ux 0 0 0 0 yx 0 0 y1
0 0 0 0 0 0 ¤ yx 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 y1 0 0 0 0 0 0 0 0
¤ 0 0 0 0 0 0 t ¤ 0 0 0 0 0 0 0
0 y¤ 0 0 t 0 0 0 0 ¤ 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 y1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 y1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 y1 0 0 0
yu¤ 0 0 0 0 0 0 0 0 0 z z 0 ¤ 0 0
0 y¤ 0 0 0 0 0 0 0 0 0 yz z 0 ¤ s
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 y1
¤ 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 ¤ 0 0 0 0 0 0 0 y1 0 0 0 0 0 0
0 0 y1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 y1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 y1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 y1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 y1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 y1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 y1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 y1 0 0 0 0 0 0
0 0 ¤ y¤ 0 0 0 0 0 0 ¤ 0 0 0 0 0
0 0 0 ¤ 0 0 0 0 0 0 0 ¤ 0 0 0 0
0 0 0 0 ¤ 0 ¤ yu¤ 0 0 0 0 ¤ 0 0 0
0 0 0 0 0 u¤ yu¤ yu¤ 0 0 0 0 0 ¤ 0 0
20 0 0 0 u ¤ 0 y¤ u¤ 0 0 0 0 0 0 ¤ 0
0 0 0 0 yu¤ y¤ yx¤ 0 0 0 0 0 0 0 0 ¤
where x s u y 1, y s u q 1, z s u q ¤ , s s 1 q u¤ , and t s y2u¤ .
All the explicit descriptions above and those obtained from them by the
w xmodified constructions are realized over the ring Z u, ¤ with the exception
of M . But in the case of M , it is an elementary exercise to find an15 15
w xequivalent representation realized over Z u, ¤ .
4. KNOWN RESULTS AND GENERAL TECHNIQUES
w xIn 7 , complete decompositions have been found of all generic irre-
ducible representations of degrees F 4 under all specializations other
than u s ¤ s y1. These results are contained in the details of the 13
cases referred to in the Introduction and listed in the next section.
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For each case, we adopted the following approach. A generic irreducible
representation was specialized over a finite field with a prime number of
Ž w x.elements p. The GAP Meat-Axe package see 9 provided a complete
decomposition of this representation. From the generators of the submod-
ules provided by GAP we were able to determine elements which gener-
ated corresponding submodules of the representation in all specializations
allowed by this case. In order to have a reasonable expectation that the
decomposition over the initial finite field would be similar to the general
case, we selected primes p ) 100.
wFor example, in Case 4, consider M . We find that 0, 0, 0, 0, 0, u, 1,12
xu, 1 generates a 4-dimensional submodule U ( M . U together with9
w x0, 0, 0, 0, 0, 0, 0, u, 1 generates an 8-dimensional submodule V with VrU
w 2 x( M . Also, U and 2u , yu, 0, 0, 1, 0, 0, 1, 0 generates a 5-dimensional19
submodule W with WrU ( M . Thus, M s M : M q M . In this exam-3 12 9 19 3
ple, we can check that the factors given are indeed irreducible by consult-
w xing 7 .
For each of the representations of degree 6 or more and for each new
representation which appears as a factor in some decomposition it was also
necessary to verify its irreducibility. The principal technique used for this
Ž w x.was a version of Norton's Criterion for Irreducibility see 9 as explained
w xby Geck and Lux in 5 .
The procedure required a matrix B in the algebra generated by the
Ž .representation with the following three properties: i the nullspace of B
Ž .has dimension 1; ii the space generated by a non-zero null vector of B
Ž .under the action of the representation is the whole space; iii the space
generated by a non-zero null vector of the transpose of B under the action
of the transpose of the representation is the whole space. If such a matrix
B is found, the representation is irreducible. Since extension of the base
Ž . Ž . Ž .field in this case caused no change in the validity of i , ii , or iii , this
result guaranteed absolute irreducibility.
For each representation to which we applied this technique, we found a
suitable matrix B which continued to have co-rank 1 for any further
specialization consistent with the case being studied. Moreover, under such
Ž . Ž .specializatons, the spaces referred to in ii and iii above continued to
have maximal dimension. So, the representations continued to be abso-
lutely irreducible under all such specializations.
For example, M remains irreducible in Case 3, with u s u and ¤ s z .22 6
2We see this by taking B to be the matrix u¤ y ¤T q T y uT q1 2 4
T T }here, we use T to denote the matrix representing it. B is singular1 4 i
4 2Ž .Ž . Ž .Ž .but has a minor with determinant 2 y ¤ u q 1 u q ¤ u y ¤ . Since
2the characteristic is not 3 and u / y1, y¤ , or ¤ }these three possibili-
ties give cases equivalent to Case 8 and two of Bremke's cases}B has a
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null space of dimension 1 for all values of u covered by this case. The null
w xspace of B is spanned by ¤ s 0, 0, 1, 1, 0, 0, 0, 0 and that of its transpose1
X 2w Ž . Ž . xB9 by ¤ s 0, 0, y ¤ q 1 , yu ¤ q 1 , 0, 0, u, u . The set of vectors1
 4¤ , ¤ T , ¤ T , ¤ T T , ¤ T T , ¤ T T T , ¤ T T T T , ¤ T T T T T is in-1 1 1 1 3 1 1 3 1 3 4 1 1 3 2 1 1 3 2 3 1 1 3 2 3 4
2dependent so long as u / y1, ¤ , or ¤ . The set of vectors
 X X X X X X X X X X X X X X X X X X X X X X X X X4¤ , ¤ T , ¤ T , ¤ T T , ¤T T , ¤ T T T , ¤ T T T T , ¤ T T T T T is inde-1 1 1 1 3 1 1 3 3 4 1 1 3 2 1 1 3 2 3 1 1 3 2 3 4
pendent so long as u / ¤ and the characteristic is not 2. Hence, Norton's
Criterion has been satisfied for M for all values of u covered by Case 3.22
In the following section, we list the decompositions which occur in each
case and give generators for the proper submodules. However, we will omit
details of the computations similar to those used in the preceding example.
For such details, the reader should contact either of the authors by e-mail.
5. DETAILS OF THE THIRTEEN CASES
In this section, we record the list of those generic irreducible modules
which remain irreducible under the various specializations and any isomor-
phisms arising between these modules. We also record the decompositions
of the remaining modules giving, in each case, vectors generating the
submodules which arise.
Since we can use the same generating vectors for each of a pair of
associated generic irreducible modules which decompose under specializa-
tion, we will record these vectors in just one of the two cases.
In our decompositions, we introduce 22 new irreducible modules which
we label M , . . . , M so that M and M are associates for i s26 47 2 i 2 iq1
13, . . . , 23.
For the remainder of the paper, we will use v, i, « , d , z , and h for z ,3
z , z , z , z , and z , respectively.4 6 8 10 24
Case 1. u s u, ¤ s y1. All generic irreducible modules, with the
exception of M and M , remain irreducible. We get the following23 24
isomorphisms: M ( M , M ( M , M ( M , M ( M , M ( M ,1 2 3 4 7 8 10 11 12 13
M ( M , M ( M , M ( M , and M ( M . No other pairs of14 15 17 18 19 20 23 24
generic irreducible modules are isomorphic to one another. We have the
w xdecomposition M s M : M . The vector 1, 1, 1, 0, 0, 0, 0, 0 generates a23 14 7
6-dimensional submodule isomorphic to M .14
Case 2. u s u, ¤ s v. All generic irreducible modules, with the excep-
tion of M , M , M , M , M , and M , remain irreducible and pairwise5 6 9 21 22 25
non-isomorphic. For the remaining modules, we get the decompositions
M s M : M , M s M : M , M s M : M , M s M : M , M s5 2 1 6 4 3 9 8 7 21 17 18 22
M : M , and M s M : M . The proper submodules of M , M , M ,20 19 25 23 24 5 9 21
w 2 x w 2 x w xand M are generated by 1, yv , 1, 0, yv , 0 , 0, 0, 0, v, v, y1, y1, 0 ,25
w xand 0, 0, 0, 0, 0, yu, u, u, 0, 0, 0, 0, 0, v, 0, 0 , respectively.
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Case 3. u s u, ¤ s « . All generic irreducible modules, with the excep-
tion of M , M , and M , remain irreducible and pairwise non-isomor-16 23 24
phic. For the remaining modules, we get the decompositions M s16
M : M , M s M : M , and M s M : M .26 27 23 27 7 24 26 8
The following matrices give a realization of the new 6-dimensional
representation M :26
u 0 0 0 0 0
y1 y1 0 0 0 0
0 0 u 0 0 0
« 0 u y « y1 y« y«
20 0 u 0 u y « u y «
20 0 yu 0 « «
0 1 0 0 0 0
u u y 1 0 0 0 0
0 0 y1 0 1 0
2 2 2« y 1 « 0 y1 y« «
0 0 0 0 u 0
0 0 0 0 0 u
y1 0 1 0 0 0
2 20 0 0 y« 0 y«
0 0 « 0 0 0
2 20 « 1 « 0 «
0 0 u q « 0 y1 0
0 0 y1 0 0 y1
« 0 0 0 0 0
0 « 0 0 0 0
« 0 y1 0 0 0 .
« 0 0 y1 0 0
« « 0 0 y1 0
y« y« 0 0 0 y1
wThe proper submodules of M and M are generated by 0, 0,16 23
Ž . 2 x w xy 1 q « r3, 0, 0, 0, 0, 0, u, 0, yu, yu and 0, 0, 0, 0, 0, 0, 1, 1 , respec-
tively.
Case 4. u s u, ¤ s yu. All generic irreducible modules, with the
exception of M , M , M , M , M , and M , remain irreducible and11 12 15 16 17 20
pairwise non-isomorphic. For the remaining modules, we get the decompo-
sitions M s M : M q M , M s M : M q M , M s M q11 9 18 2 12 9 19 3 15 2
M : M , M s M : M : M , M s M : M , and M s M : M .3 9 16 18 9 19 17 5 7 20 6 8
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w xAs remarked in the preceding section, 0, 0, 0, 0, 0, u, 1, u, 1 ,
w x w 2 x0, 0, 0, 0, 0, 0, 0, u, 1 , and 2u , yu, 0, 0, 1, 0, 0, 1, 0 generate the proper
submodules of M . The proper submodules of M are generated by12 15
w x w 2 xyu, 0, 1, 0, 0, 0 and 0, u , 0, 1, yu, yu . Those of M are generated by16
w x w x0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0 and 1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0 . The proper sub-
w xmodule of M is generated by 0, 0, 0, 1 .17
2Case 5. u s u, ¤ s yu . All generic irreducible modules, with the
exception of M , M , M , and M , remain irreducible and pairwise10 13 23 24
non-isomorphic. For the remaining modules, we get the decompositions
M s M : M , M s M : M , M s M : M , and M s M : M .10 5 29 13 6 28 23 29 3 24 28 2
The following matrices give a realization of the new 7-dimensional
representation M :28
u 0 0 0 0 0 0
y1 y1 0 0 0 0 0
0 0 u 0 0 0 0
0 0 y1 y1 0 0 0
1 0 y1 0 y1 0 0
0 0 1 0 0 0 1
0 0 y1 0 0 u u y 1
0 1 0 0 0 0 0
u u y 1 0 0 0 0 0
0 1 0 0 1 0 0
u u y 1 0 0 0 1 0
yu 0 u 0 u y 1 0 0
0 yu 0 u 0 u y 1 0
y1 y1 0 0 0 0 y1
y1 0 1 0 0 0 0
0 y1 0 1 0 0 0
20 0 yu 0 0 0 0
20 0 0 yu 0 0 0
0 0 u y 1 y1 y1 0 0
0 0 yu 0 0 y1 0
0 0 y1 0 0 0 y1
2yu 0 0 0 0 0 0
20 yu 0 0 0 0 0
2yu 0 y1 0 0 0 0
2 .0 yu 0 y1 0 0 0
0 y1 0 0 y1 0 0
yu 1 y u 0 0 0 y1 0
u y 1 u y 1 0 0 0 0 y1
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The proper submodules of M and M are generated by10 23
w 2 2 x w xu , yu, 1, 0, yu , 0, u, 0, y1 and 0, 0, 0, 0, 0, 0, 1, 1 , respectively.
Case 6. u s u, ¤ s iu. All generic irreducible modules, with the excep-
tion of M , M , and M , remain irreducible and pairwise non-isomor-11 12 25
phic. For the remaining modules, we get the decompositions M s11
M : M , M s M : M , and M s M : M .31 2 12 30 3 25 30 31
The following matrices give a realization of the new 8-dimensional
representation M :30
y1 0 0 0 0 0 0 0
u u 0 0 u 0 0 u
0 0 y1 0 0 0 0 0
0 0 u u 0 0 0 0
0 0 0 0 y1 0 0 0
0 0 0 0 1 q i u i i
0 0 0 0 0 0 y1 0
0 0 0 0 0 0 0 y1
u 1 0 0 u q 1 0 0 u q i
0 y1 0 0 0 0 0 0
0 0 u 1 y1 y i 0 0 0
0 0 0 y1 0 0 0 0
0 0 0 0 y1 0 0 0
0 0 0 0 i 0 yui 0
0 0 0 0 y1 i u y 1 0
0 0 0 0 0 0 0 y1
i u q i 0 0 0 y1 0 u y1Ž .
0 y1 0 0 0 0 0 0
i 0 ui 0 i 0 0 i
0 i 0 ui 0 0 0 0
0 0 0 0 ui 0 yu 0
0 1 0 0 0 ui i 0
0 0 0 0 0 0 y1 0
yui 0 0 0 yui 0 0 0
ui 0 u 0 1 0 0 0
0 ui 0 u 0 0 0 0
0 0 y1 0 0 0 0 0
0 0 0 y1 0 0 0 0 .
0 0 0 0 y1 0 0 0
0 0 0 0 i ui 0 0
0 0 0 0 yi 0 ui 0
0 0 0 0 yui 0 0 ui
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The proper submodules of M and M are generated by11 25
w x w x1, 1, 0, 0, 0, 0, 0, 0, 0 and 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0 , respectively.
Case 7. u s u, ¤ s « u. All generic irreducible modules, with the ex-
ception of M , M , and M , remain irreducible and pairwise non-iso-14 18 19
morphic. For the remaining modules, we get the decompositions M s14
M : M , M s M : M , and M s M : M .33 32 18 32 2 19 33 3
The new 3-dimensional representation M is the representation de-32
w xscribed in 7, Section 1.2.3 .
The proper submodules of M and M are generated by14 18
w x w x0, yu, 1, yu, 1, 0 and 1, 1, 0, 0 , respectively.
Case 8. u s « , ¤ s y1. All generic irreducible modules, with the
exception of M , M , M , M , and M , remain irreducible. We get the16 21 22 23 24
following isomorphisms: M ( M , M ( M , M ( M , M ( M , M1 2 3 4 7 8 10 11 12
( M , M ( M , M ( M , M , M , and M ( M . No other13 14 15 17 18 19 20 23 24
pairs of generic irreducible modules are isomorphic to one another. For
the remaining modules, we get the decompositions M s M : M , M16 34 35 21
s M : M , M s M : M , and M s M : M .35 5 22 34 6 23 14 7
The representation M is obtained by specializing u to y1 in M and34 26
Ž .applying construction C2 .
The proper submodules of M , M , and M are generated by16 21 23
w x w x w x0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 1 q « , 0 0, 0, 0, 0, 0, 0, 1, 1 , and 0, 0, 0, 0, 0, 0, 1, 1 ,
respectively.
3Case 9. u s d , ¤ s d . All generic irreducible modules, with the ex-
ception of M , M , M , M , M , M , M , M , and M , remain10 11 12 13 14 16 18 19 25
irreducible and pairwise non-isomorphic.
For the remaining modules, we get the decompositions M s M : M10 9 17
q M , M s M : M , M s M : M , M s M : M q M , M s1 11 31 2 12 30 3 13 9 20 4 14
M q M : M , M s M : M : M , M s M : M , M s M : M , and1 4 9 16 20 9 17 18 8 5 19 7 6
M s M : M .25 30 31
w x w 3The vectors 0, 0, 0, 0, 0, d , 1, d , 1 , 0, 0, 2d q 1, 0, y2, y2, d y 2,
3 x w xyd y 2, 0 , and 0, 0, 0, 0, 0, 0, 0, d , 1 generate submodules of M of10
dimensions 4, 5, and 8, respectively, where the 4-dimensional module is a
submodule of the other two submodules.
w x w 2 xThe vectors 1, 1, 1, 0, 0, 0 and 0, 1, 0, d , 0, d generate two submodules
of M , each of dimension 1, and isomorphic to M and M , respectively.14 1 4
w Ž . Ž . xThe vectors yd , 2, 1r 1 q d , y 1 q d , yd , 1, 0, 0, 0, 0, 0, 0 and
w x0, 0, 0, 1, 1, 0, 0, 0, d y 1, 0, 0, d y 1 generate the proper submodules of
M of dimensions 4 and 8, respectively.16
w xThe proper submodule of M is generated by 1, d , 0, d . The proper18
submodules of M and M can be obtained from the corresponding11 25
modules in Case 6 by specializing u to d in that case.
REPRESENTATIONS OF HECKE ALGEBRAS 669
3Case 10. u s z , ¤ s z . All generic irreducible modules, with the
exception of M , M , M , M , M , M , M , and M , remain10 11 12 13 21 22 23 24
irreducible and pairwise non-isomorphic.
For the remaining modules, we get the decompositions M s M : M ,10 37 7
M s M : M , M s M : M , M s M : M , M s M : M , M11 5 38 12 6 39 13 36 8 21 37 2 22
s M : M , M s M : M , and M s M : M .36 3 23 1 39 24 4 38
The representation M is obtained by specializing u to z in M and36 28
Ž . Ž .applying construction C2 . For M we apply construction C3 to M38 28
and then specialize u to zy1. Note that M may also be obtained from38
M by applying the field automorphism z “ zy3 followed by the con-36
Ž . Ž .structions C3 and C2 .
The proper submodules of M , M , M , and M are generated by10 11 21 23
w 3 x w 2 2 x w x1, 0, 0, 0, 0, 0, 0, 0, yz , z , yz , 1, 0, yz , 0, z , 0, y1 , 0, 0, 0, 0, 0, 0, 1, 1 ,
w 2 2 2 3 2 3 3and y1 y z , 1, yz , 1 y z q z y z , z , 1 q z , z q z y 1, z y
2 xz y 1 , respectively.
5Case 11. u s h, ¤ s h . All generic irreducible modules, with the
exception of M , M , M , M , M , and M , remain irreducible and10 13 14 18 19 25
pairwise non-isomorphic.
For the remaining modules, we get the decompositions M s M : M ,10 40 1
M s M : M , M s M : M , M s M : M , M s M : M , and13 41 4 14 33 32 18 32 2 19 33 3
M s M : M .25 40 41
The representation M is obtained by specializing u to hy1 in M and40 30
Ž .applying construction C3 .
The proper submodules of M and M are generated by10 25
w x w Ž .1, 1, 0, 0, 0, 0, 0, 0, 0 and 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, yh, 1 q h, 1r 1 q h ,
x1, 0 , respectively. The proper submodules of M and M are obtained14 18
from the corresponding modules in Case 7 by specializing u to h in that
case.
Case 12. u s « , ¤ s 1. All generic irreducible modules, with the ex-
ception of M , M , M , M , M , M , M , M , and M , remain14 15 16 17 18 19 20 21 22
irreducible and pairwise non-isomorphic.
For the remaining modules, we get the decompositions M s M : M ,14 44 45
M s M : M , M s M : M , M s M : M , M s M : M , M15 43 42 16 46 47 17 1 43 18 45 2 19
s M : M , M s M : M , M s M : M , and M s M : M .44 3 20 4 42 21 47 5 22 46 6
Ž .The representation M is obtained by applying construction C3 to42
M and then specializing u to «y1. M is obtained from M by keeping32 44 42
the first two generators and replacing the last two by their negatives. M46
Ž .is obtained by specializing u to 1 in M and applying construction C2 .26
Ž .Note that M and M are both specializations of the same H « , ¤ -46 34 F
module.
The proper submodules of M , M , M , M , M , and M are14 15 16 17 18 21
w x w x wgenerated by 1, 0, 1, y1, 0, 0 , 0, 1, 1, y1, 0, 1 , 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, u q
x w x w x w x1, 0 , u y 2, 3, y2, 1 , 1, 1, 0, 0 , and 0, 0, 0, 0, 0, 0, 1, 1 , respectively.
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Case 13. u s v, ¤ s y1. Only the generic irreducible modules M ,1
M , M , M , and M and their associates remain irreducible and5 10 16 21
pairwise non-isomorphic. M , M , and their associates are the only other2 11
generic irreducible modules which remain irreducible but we have the
isomorphisms M ( M , M ( M , M ( M , and M ( M . We also1 2 3 4 10 11 12 13
have M ( M .7 8
For the remaining modules, we get the decompositions M s M : M ,7 4 1
M s M : M , M s M : M , M s M : M , M s M : M , M9 6 5 14 33 32 15 32 33 17 1 32 18
s M : M , M s M : M , M s M : M , M s M : M q32 1 19 33 4 20 4 33 23 32 1
M : M , M s M : M q M : M , and M s M : M .33 4 24 33 4 32 1 25 21 22
The proper submodules of M , M , M , M , M , M , and M are7 9 14 15 17 18 25
w x w x w x w xgenerated by v, y1 , v, y1, 0, 0 , 1, 2, 3, 1, 2, 0 , 1, 0, 0, 0, 0, v ,
w x w x w xv, 1, 0, y1 , 1, 1, 0, 0 , and 1, yv, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0 , respec-
tively.
M has submodules X and Y of dimensions 4 and 6, respectively, and23
such that X l Y has dimension 3. X l Y, X, and Y are generated
w x w 2 x w xby v, v, 0, 0, v, 0, y1, y1 , 0, v , 0, 0, 0, 1, 1, 1 , and 0, 0, 0, 0, 0, 0, 1, 1 ,
respectively.
Ž .Proof of Theorem 1 Concluded. For Part b , it is sufficient to inspect
the explicit decompositions obtained in this section and to rearrange the
irreducible modules appropriately.
Ž .For Part c , we note that each irreducible H -representation has eitherL
been given explicitly or described as arising from an explicit irreducible
Ž . Ž .representation by means of certain operations}the actions C1 , C2 , and
Ž .C3 of Section 3. In all of these cases, the representations are realized
over the field L , the subfield of L generated by u and ¤ . Thus, the0
irreducible H -modules all have the form N m L where N is an irre-L L0
ducible H -module.L0
Suppose that N9 is an arbitrary irreducible H -module. Then N X m LL L0 0
has a quotient module isomorphic to N m L for some irreducible H -L L0 0
Ž .module N. Thus, Hom N9 m L, N m L / 0. By Curtis and ReinerH L LL 0 0w Ž .x Ž .3, 29.5 , Hom N9, N / 0. Since N and N9 are both irreducible,HL0
N ( N9 by Schur's lemma. We conclude that all irreducible H -modulesL0
are absolutely irreducible. Hence, L is a splitting field for H .0 L0
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